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Low-Order Modeling for Transonic Helicopter Noise

A. S. Morgans*and A. P. Dowling"
University of Cambridge, Cambridge, England CB2 1PZ, United Kingdom

The permeable surface form of the Ffowces Williams—Hawkings equation provides an efficient basis for predicting
helicopter rotor noise when the flow over the blades is transonic. It requires knowledge of the temporal variation of
fictitious acoustic sources over the permeable control surface. Calculation of these using unsteady computational
fluid dynamics (CFD) solvers is feasible for straightforward helicopter motion, but becomes prohibitively time
consuming for more complicated maneuvers. Low-order modeling provides an efficient alternative. Because at
transonic speeds significant noise originates at the shock surfaces, low-order modeling of the two-dimensional
shock dynamics was first performed to provide an insight. Using data from CFD simulations, system identification,
a modeling technique suitable for dynamically linear systems, was performed. The position of a well-formed
shock was found to respond to variations in blade speed and blade pitch angle with approximate first-order lag
relationships; these findings were consistent with harmonic tests. Low-order modeling of the acoustic sources was
then performed, although for simplicity attention was restricted to two-dimensional motion and an acoustically
compact control surface. Models were obtained, again using system identification, and were successfully used in
noise prediction. Analytical consideration of the sources revealed that their dynamics arose mainly due to the shock
motion. These findings serve to demonstrate the potential of low-order modeling in predicting transonic helicopter

noise.

Nomenclature
Agy = shock area per unit length of blade, m
aj, bj, ck, d; = infinite impulse response (IIR) filter coefficients
b = blade semichord, m
c = speed of sound in undisturbed flow, ms~!
e = model error
f = 0 defines location of the control surface S
H = Heaviside step function
H(w) = transfer function
I1,J,K,L = IIR filter orders
Lih L = p(l)Un ds, [(L.dS, [(L,dS
i = —
i = grid node of shock position
K = number of sinusoids in sum of sines signal
L; = pijnj + pu;(, —v,)
M = magnitude of M
M = Mach number vector
n = unit vector normal to control surface
p = absolute pressure, Pa
Dij = compressive stress tensor, Pa
r(t) = magnitude of radiation vector, |r(t)|, m
r(t) = radiation vector, |x(f) —y(7)|, m
S = control surface
s = Laplace transform variable, iw
T = sampling period, s
T. = first-order lag time constant, s
T, = time delay, s
t = observer time, S
U = (1—p/po)vi + p/pou;
u = fluid velocity, ms™!
1% = volume, m?
v = blade speed, ms™!
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blade/control surface velocity, ms™
observer position, m
shock position, m
source position, m
z-transform variable, e
angle of attack, deg
Dirac delta function
Kronecker delta
coordinates in which S is stationary
density, kgm—3

source time, s

retarded time, t — r(t*)/c, s

random phase chosen on the range (0, 1)
rotation rate or angular frequency, rads ™"
lower, upper limits of passband, rads~!
wave operator, —V?2 + (1/c?)(82/31?)
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Subscripts

value on blade surface

value for kth sinusoid

resolved in the surface normal direction
resolved in the radiation direction
value in stationary undisturbed flow
value at infinite distance

80\3»@

Superscripts

- = time-averaged component/generalized variable
time-fluctuating component

Introduction

T present helicopter cruise speeds, the flow near the tip of

the blade becomes transonic during the advancing phase of

the cycle, which is when most of the noise is produced. Shock-
associated rotor noise is consequently an important noise source,
but predicting it in a way which is sufficiently fast and physically
insightful to be useful to rotor designers remains a major challenge.
A good basis for predicting transonic rotor noise is provided by
the permeable surface form of the Ffowcs Williams—Hawkings'
(FW-H) equation (see Refs. 2—4). This expresses the noise in terms
of a distribution of monopole and dipole sources over a permeable
control surface and a distribution of quadrupole sources over the
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volume outside of the surface. The noise from the volume distribu-
tion is numerically impractical to compute, but is negligible if the
volume contains only subsonic flow.>~7 This is consistent with the
observation that the noise from the entire flow volume is negligible
up to blade Mach numbers of approximately 0.8 (Refs. 8 and 9).

By choosing a permeable control surface that encloses the
blade and all transonic flow regions, it can therefore be ensured
that the volume term in the FW-H equation is negligible, leaving
only the more straightforward surface terms. Also, when the control
surface is chosen to be close to the blade, the computational effort
required to calculate the control surface flow variables is minimized.

With the volume term neglected, the permeable surface form of
the FW-H equation represents the sound as being generated by
acoustic sources on the control surface. Whereas these acoustic
sources do not represent the physical sources of sound, they do
generate an equivalent sound field. For straightforward helicopter
motion including hover and steady forward flight, it is possible to
calculate the acoustic sources directly using unsteady computational
fluid dynamics (CFD) solvers. However, for more complicated mo-
tion, particularly for maneuvering helicopters, computation of the
acoustic sources using CFD solvers becomes too time consuming
to generate noise predictions in timescales that are useful to blade
designers.

To obtain the acoustic sources more efficiently, low-order model-
ing may be used. Given information on the unsteady variation of the
flight conditions and computed values of the acoustic sources under
certain flight conditions, low-order models enable the resulting tem-
poral variation of the acoustic sources to be approximated. Models
for the dynamics of the thickness and loading noise of subsonic
rotor blades have been successfully developed,'®~'? and it is now
proposed that suitable models for the acoustic sources at transonic
speeds are obtained.

A variety of techniques are available for developing low-order
models. Those commonly used when the dynamics are nonlin-
ear include representing the system in terms of its eigenmodes
and eigenvalues'>'* and using the Volterra theory of nonlinear
systems.!> If the system dynamics are essentially linear then it is
often more efficient to make use of linear techniques such as indi-
cial methods!'~'216 and system identification.!”-!®

For transonic flows, such as those around a helicopter blade, the
steady-state flowfield is inherently a nonlinear function of flight con-
dition. However, for sufficiently small variations in flight condition,
the dynamics of the unsteady flowfield are likely to be linear about
this steady state. That is, it may be possible to consider the unsteady
flowfield as a linear perturbation about the quasi-steady field.'>!?
The system is said to be dynamically linear, and the unsteady fluc-
tuations may be modeled using techniques appropriate for linear
systems.

In this work, low-order models are developed using system iden-
tification. This is a technique for developing mathematical models
of dynamically linear systems based on observed system data.'”-!8
The parameters of a model structure are fitted to measured input and
output system data. The accuracy of the model then depends on the
choice of the model structure and the quantity and quality of data
used. The technique has recently been used with success in approxi-
mating unsteady CFD solutions around complex bodies?® and in ap-
proximating flame transfer functions in combustion oscillations.?!

Although the acoustic sources provide sufficient information for
noise prediction, because they are on a permeable control surface
and are therefore fictitious sources, it is difficult to attach physical
meaning to their dynamics. It is known that at transonic speeds,
noise originating at the shock surfaces is a significant component
of the overall noise.*?? By also studying the dynamic behavior of
the shock and relating this to the dynamics of the acoustic sources,
it is likely that some physical insight into the unsteadiness of the
acoustic sources can be extracted.

The shock wave is straightforward to define in terms of its position
and strength, and its properties are unaffected by the choice of con-
trol surface. These factors, combined with the availability of some
previous work on shock dynamics for comparison purposes,?3~2°
suggest that obtaining low-order models for the shock wave will be

a more straightforward task than for the acoustic sources. Hence,
modeling the dynamic behavior of the shock provides a good base
from which to progress to the dynamics of the acoustic sources.

Although the benefits of low-order modeling will be most tan-
gible for three-dimensional flows, it is less complicated and time
consuming to build up an understanding of low-order modeling
techniques and an insight into the acoustic source behavior through
two-dimensional flow. The following work was carried out using a
two-dimensional Euler CFD solver incorporating high-resolution
shock-capturing techniques (developed by S. A. Karabasov and
T. P. Hynes, Cambridge University Engineering Department, United
Kingdom?’) in which both the blade speed and blade pitch angle
could be varied.

The response of the shock wave to flight condition variations is
first considered, followed by the responses of the integrals of the
acoustic sources over the control surface contour.

Shock Dynamics: Preliminary Modeling

Because noise originating at the shock surfaces is a significant
component of helicopter noise at transonic speeds,®?? the dynamics
of the shock wave were first considered. The two-dimensional Euler
solver was used to simulate the transonic flow over a NACA0012
airfoil of chord 0.5 m. It was ensured that a shock wave existed only
on the upper blade surface, and its response to variations in blade
speed and blade pitch angle was recorded.

To consider the effect of varying the blade speed, the blade pitch
angle was kept constant at 3.66 deg and the blade speed was var-
ied sinusoidally as v(t) =¥ + 0 cos(wt). Similarly, to consider the
effect of a varying blade pitch angle, the blade speed was fixed at
262.2 ms~! and the blade pitch angle was varied sinusoidally as
a(t) =a +a cos(wt).

The effect of varying the frequency of oscillation at fixed ampli-
tude was considered, followed by the effect of varying the oscillation
amplitude at fixed frequency. With the exception of one case, the
shock remained well formed throughout the oscillation and did not
approach the emergence/disappearance regime. The fixed frequency
was chosen to be 170 rads™!, the associated period being approxi-
mately equal to the time for which the blade speed would lie within
the given range under typical rotation conditions.

The response of the shock position was recorded after two oscil-
lations so that the essential features of the steady state rather than
transient response were captured. The results for the blade speed
variations and blade pitch angle variations are shown in Figs. 1
and 2, respectively. Figures la and 2a are for varying frequency
with Figs. 1b and 2b for varying oscillation amplitudes.

In Figs. 1 and 2, the shock position is seen to undergo limit-cycle
oscillations. The amplitude of these increases with the amplitude of
the input oscillations and decreases with oscillation frequency. Hys-
teresis is evident; the shock position for a given blade speed/pitch
angle is not the quasi-steady value, but depends on whether the
speed/pitch angle is increasing or decreasing. The curves are fol-
lowed in an anticlockwise direction, so that for a given speed/pitch
angle the shock is further back when the speed/pitch angle is de-
creasing and farther forward when it is increasing. This corresponds
to type A shock motion as classified by Tijdeman and Seebass.?

The tilted ellipse shapes in Figs. 1 and 2 suggest that the shock
position may depend on a time-delayed value of the blade speed.
That is, there may be a phase shift between the blade speed and
the shock position, behavior that is consistent with that described
by Tijdeman and Seebass.?® Figure 3 shows graphs of cos(t — Ty)
against cos(t), where Ty is a time delay, and demonstrates the effect
of time delays. There is a clear likeness to the curves in Figs. 1
and 2.

To investigate the possibility of simple time delay models, the
coefficients A and B and the time delay 7, that gave best fit to the
following relationship, where f is either the blade speed or blade
pitch angle, were calculated for each of the cases in Figs. 1 and 2.
Figs. 4 and 5 show graphs of i; against f(z — T,) for the best fit
value of Ty; the accuracy of the time-delay model can be assessed
by the extent to which both sides of the hysteresis curve collapse
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Fig. 1 Shock position due to a sinusoidally varying blade speed.

onto one another to form a single line,
is(t) =A+Bf(t—Ty)
= A+ Bf+Bf coslw(t — Ty)]
= A+ Bf + B f cos(wt) cos(wTy) + B f sin(wt) sin(wT})
ey

For all of the cases in which the shock wave remains well formed
throughout the oscillation, the two sides of each curve have col-
lapsed well onto one another, particularly at the higher two fre-
quencies. For the case in which the shock approaches the emer-
gence/disappearance regime (the large-amplitude case, Fig. 4a), the
two sides of the curve collapse almost exactly onto one another
while the shock is well formed, but the collapse is less good when
the emergence/disappearance regime is approached. The values of
the time delay that give best collapse vary with frequency. Where
the start/end points of the curves do not quite join up, this is due to
small levels of transients contaminating the steady-state response.

These results suggest that a simple time delay provides a good
model of the response of the shock position to blade speed and blade
pitch angle variations when the shock is well developed, but is less
accurate when the shock approaches the emergence/disappearance
regime. The value of the time delay is frequency dependent.

Frequency-dependent time delays indicate the possibility of first-
order lag relationships. Such relationships are characterized by the
following differential equation, where f'(¢) is either the blade speed
fluctuation or the blade pitch angle fluctuation, i;(¢) is the shock
position fluctuation, 7, is a time constant, and E is an amplitude
constant,

dii, ,
— +i ()= Ef'(1) 2

T:
dr
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Fig. 2 Shock position due to a sinusoidally varying blade pitch angle.
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Fig. 3 Tilted ellipse shapes that arise from time delays, cos (¢t — T;) vs
cos (1).

Taking Laplace transforms of Eq. (2), defining f(s) and i;(s) to
be the Laplace transforms of f'(¢) and i/ (), respectively, and setting
s =iw gives the transfer function corresponding to a first-order lag
relationship,

is(w)/ f(w) = E/(ioT. +1) 3

For the input having a sinusoidal form, as in the cases being
considered, the first-order lag results in a shock position response
of the form,

(Ef[T?)cos(wt) (Ewf [T.)sin(wt)
(1/Tf)—|—a)2 (I/Tf) + w?

+ mean level + transients @

is(t) =
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Table 1 First-order lag time constants corresponding to the time delays of best fit

7,0, ms™! w, rads™! Ty, s Tev, S a, a, deg w, rads™! Ty, s Teas S
262.2,12.5 170 0.0037 0.0043 4,15 170 0.0055 0.0080
262.2,15.6 170 0.0038 0.0044 3.66, 1.66 170 0.0053 0.0074
262.2,15.6 85 0.0045 0.0047 3.60, 2 170 0.0053 0.0075
262.2,15.6 340 0.0032 0.0055 3.66, 1.66 85 0.0082 0.0099
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Fig. 5 Shock position vs time delayed blade pitch angle for the time delays of best fit.

Comparing the fluctuating terms in Eqs. (1) and (4) allows the time
constant to be related to the oscillation frequency and measured time
delay through 7, = tan(w7,)/w. The values of the time constants
corresponding to the time delays of best fit are given in Table 1.
Only those cases for which the shock is well developed throughout
are included.

From Table 1, it can be seen that for the blade speed variations, the
time constant varies little, particularly for the lower frequencies. For
the blade pitch angle variations, the time constant is fairly consistent
across the cases and is approximately twice as large as for the blade
speed cases. This suggests that the variations of shock position with
blade speed and blade pitch angle are well modeled by first-order
lag relationships.

Shock Dynamics: System Identification

A more methodical approach is now used to obtain low-order
models that are known to be accurate over the frequency range of
interest. Assuming (and later confirming) that the unsteady varia-
tions are sufficiently small for the flowfield to be dynamically linear,
a system identification approach can be used.

The input in the system to be modeled is either the blade speed
fluctuation v’'(¢), or the pitch angle fluctuation o' (¢), and the output
is the shock position fluctuation i (¢). It is the fluctuations that are of

interest as the mean levels are related through the nonlinear quasi-
steady relationship that can be obtained separately from a steady
CFD solver. Input and output data are obtained by sampling the
relevant variables in the CFD simulations at discrete times. The aim
of the system identification is then to model the relationship between
the relevant input fluctuations and the shock position fluctuations
by approximating the form of the transfer functions,

Hi(0) = i(0)/v(o), H) (o) =i(w)/a(@)  (5)
Form of the Input Signal

Animportant issue in system identification is the form of the input
signal. The input in these cases is either the blade speed fluctuation
or the blade pitch angle fluctuation specified in the CFD solver, and
care must be taken to ensure that their signals have numerically
practical forms. The choice of input signal is an issue that has been
addressed in some detail by Ljung'” and Zhu et al.?' The main
options with their merits and drawbacks are outlined next.

One approach is to force the system harmonically at particular fre-
quencies, as carried out in the preliminary modeling. For a variety
of frequencies, the shock position response due to a harmonically
varying input can be measured. Once the initial transients have died
away, the magnitude and phase of the transfer function at the forc-
ing frequency can be deduced. The problem with this approach is
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that each calculation yields information at just one frequency, and
many calculations are therefore needed. Computations are very time
consuming as they must be continued until all transients have died
away.

A better approach is to choose an input signal that contains arange
of frequencies, so that broadband information can be deduced from
a single calculation. In theory, a Dirac delta or impulse function
contains all frequencies, although it is numerically impossible to
implement in a CFD code. It is, however, possible to implement a
short-duration pulse; the pulse will not contain all frequencies, but
will contain the frequencies of interest if the duration is sufficiently
short. Because of the short duration, it is preferable to process data
in the time domain before progressing to the frequency domain.
The linear relationship between the output signal i/ (¢) and the input
signal f’(t) can be expressed in the form of an infinite impulse
response (IIR) filter.!”-!® The filter describes the output as a linear
combination of previous outputs and present and previous inputs
and is very easy to implement recursively. For a sampling period T,
it has the form

I J
0 =Y af@—iT)+ Y bilt = jT) ©6)

i=0 j=1

The filter order is (1, J), and the filter coefficients are a; and b;.
The coefficients are found by fitting the right-hand side of Eq. (6) to
i’(t). Once the IIR filter coefficients are known, the transfer func-
tion H (w) can be found by taking z transforms and substituting in
z=¢'*T. If the z transforms of i/(¢) and f'(¢) are i;(z) and f(2),
respectively, this gives

_ lv(z) — Zi’:oaiz_i
f(z) 1-— Z‘;:l ijij

@)

Although this input signal results in a rapid CFD calculation (due
to the short time pulse) and provides broadband information from a
single calculation, it does have one drawback. The error caused by
the noise in the system is inversely proportional to the amplitude of
the pulse,'” but the pulse must be low enough in amplitude to result
in a linear response. These conflicting requirements often result in
a linear response being associated with significant noise error.

To utilize an input signal that contains a range of frequencies but
that does not suffer from noise/linearity tradeoff limitations, a sum
of sines approach can be used. This involves an input signal that
comprises many sinusoids at different frequencies,

K
F/@0) = sin(ext +276y) ®)
k=1

The lower and upper limits of the passband are @, and wpy,x, K
is the number of sinusoids spread equally over the passband, and
Wk = Omin + (K — 1) (Omax — Omin) /(K — 1), k=1... K. To ensure
a sensible time variation of the signal amplitude, the phase of the
kth sinusoid at ¢ =0 is 27 ¢, where ¢ is a random number chosen
from a uniform distribution on the interval (0, 1). Here, f is simply
a scaling constant. Fitting is again performed in the time domain
using the IIR filter model structure given in Eq. (6).

Methodology

Based on the preceding discussion, input signals based on the
sum of sines approach were used. Because harmonic forcing at three
different frequencies had already been carried out at a mean blade
speed of 262.2 ms~! and a mean pitch angle of 3.66 deg, system
identification was performed at these mean levels.

For the blade speed input system identification, the blade pitch
angle was set to 3.66 deg, and the blade speed had the form

K

V() =0+ Z sin(ayt + 27 y) )

k=1

where v = 262.2 ms~!, whereas for the blade pitch angle input sys-

tem identification, the blade speed was set to 262.2 ms~! and the
blade pitch angle had the form

K
alt) =a + & Z sin(ayt + 27 dy) (10)

k=1

where o = 3.66 deg.

For both simulations, the lower passband limit was chosen to be
®min = 6 rads™!, corresponding to a reduced frequency based on the
half-chord and mean blade speed of 0.0057. Assuming a slightly
larger time delay than the maximum observed in the harmonic test-
ing, the phase lag at this frequency should be negligible. (A time
delay of T, seconds corresponds to a frequency domain response
e~®Ta ) The upper passband limit wy,,x was chosen to be much larger
than the typical rotational frequency of a helicopter blade to give
®max = 680 rads~!, corresponding to a reduced frequency of 0.65.

The number of sinusoids K was chosen to be 338, which resulted
in the input signal containing frequencies at intervals of 2 rads™!. To
ensure that the input/output data contained sufficient information on
all component frequencies and to maximize the efficiency of the sys-
tem identification process,!” a whole number of input signal periods
was considered. Because all component frequencies were multiples
of 2 rads™!, this meant that the data from the CFD simulation was
required over a multiple of 7 seconds.

The normalization speed ¥ and pitch angle & were chosen to en-
sure that the shock did not become unrealistically strong and that it
did not approach the emergence/disappearance regime. The former
constraint was more limiting, and so 0 = 0.6 and @ = 0.08 were cho-
sen, resulting in a maximum blade Mach number of approximately
0.8 for the blade speed variation and a maximum blade pitch angle
of approximately 7 deg for the blade pitch angle variation.

In the CFD simulations, the chosen input was increased smoothly
from zero to the mean level before adding the sum of sines compo-
nent, ensuring throughout that both the input and its first time deriva-
tive were continuous. Input and output data were only analyzed well
after the mean speed was reached, to reduce the contamination due
to transients from the initial increase. The input time variations for
the two different CFD simulations are shown in Fig. 6.

The model structure used in the system identification was that
of an IIR filter with a model for the error e(¢) incorporated. The
error model allowed the error behavior to vary with frequency. This
is known as an autoregressive moving average extra (ARMAX)
model,'”!%28 and its structure for a sampling period T, input signal
f(t), and output signal i, (¢) is

1 J

L
0= af(—iT)+ Y bjilt=jT)+ Y diet—IT) (11)
1=0

i=0 j=1 =
The autoregressive part consists of the earlier outputs,
J
D il = jT)
j=1

the moving average part is

L
Zdle(t —IT)
1=0

and the extra input is

1

Y afa—im

i=0

The filter order is strictly given by (Z, J, L), although (1, J) is suffi-
cient to describe the resulting transfer function from input to output.
The system identification procedure aims to find the values of the
coefficients, g;, b;, and d;, which give best fit to the CFD data for a
given filter order.
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Results

The transfer functions from the blade speed and blade pitch an-
gle variations to the shock position variation are shown in Figs. 7
and 8, respectively. In both of these figures, the measured frequency
response (obtained by fitting a very high-order filter to the measured
data so that convergence with filter order had been obtained) is com-
pared to the frequency responses predicted by low-order IIR filters.

The magnitude of both measured frequency responses is flat at
low frequencies, falls off at higher frequencies, and exhibits no
resonances. The phase of both responses decreases gradually from
zero to approximately —90 deg. This behavior indicates approximate
first-order lag relationships.

An IIR filter of order (1, 1) describes the frequency response
for the blade speed input extremely accurately and the frequency
response for the blade pitch angle input reasonably accurately. In
both cases, the fit deteriorates as frequency increases. The form of
these filters (neglecting the error term) for a sampling period of
T=9.04x10"°sis

il (1) = —0.00939v'(¢) 4+ 0.0249v'(t — T) + 0.981i.(t — T) (12)

13)

Filters of order (1, 1) require output data at just one initial time
level to predict the response to an input. The good fit offered by
the filters of order (1, 1) therefore suggests that the dynamics of the
system are straightforward. Approximating the equivalent contin-
uous time transfer functions by applying the Tustin transform and
simplifying for the given frequency range gives

ii(t) = 0.0323a'(r) — 0.00513a'(t — T) 4+ 0.9921i/(t — T)

is(w) 173 0.828
H(w) = = - = - (14)
v(w) iw+ 209 0.00479% w + 1
is(w) 302 3.27
2 = ) T i@+ 92  00108im 11 (13)

These correspond exactly to first-order lag relationships and gen-
eralize the phase lag findings of Tijdeman and Seebass.” The time
constants are 0.00479 s for the blade speed input and 0.0108 s for
the blade pitch angle input. These compare favorably with the aver-
age time constants of 0.0047 and 0.0084 s obtained from harmonic
forcing in the preliminary modeling. The better agreement of the
blade speed input time constants would be expected because the IIR
filter frequency response gave a better fit to the measured transfer
function.

Test of Linearity

To demonstrate that the shock position response at a mean blade
speed of 262.2 ms~! and a mean pitch angle of 3.66 deg was dy-
namically linear, the effect of changing the size of the blade speed
fluctuations was considered. For a dynamically linear response, this
should not alter the form of the transfer function between the blade
speed fluctuation and the shock position fluctuation.

The blade pitch angle was held constant and a sum of sines blade
speed with a mean level of 262.2 ms™! and fluctuating amplitude of
9 = 0.8 ms~! was applied. The fluctuating amplitude was larger than
that used earlier, but the shock still remained well formed throughout
the simulation. The time variation of the blade speed is compared to
that used earlier in Fig. 9. The same system identification techniques
were applied, and the transfer function in Fig. 10 was obtained.

The transfer function is almost identical to that obtained using
the smaller blade speed fluctuations (Fig. 7). The continuous time
form of the order (1, 1) IIR filter is 174/(iw + 211), which is in very
close agreement to that obtained earlier.
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O .

|
(4]
T

_
o
T

Magpitude (dB)

L
oo

(deg)

[— measured
| = = lIRfilter order (1,1)
. | [— IR filter order (2,2)

Phase
3

1 2
10 w rad/s10

|
©
=}

Fig. 10 Transfer function from blade speed fluctuation to shock posi-
tion fluctuation for larger blade speed fluctuations.

20
o
z
(]
°
2
g
[=2)
[
=_
-20
Das| - = vinput, IR fiter (1,1,1,1) [, i
o2 .—.. Vinput, IR filter (2,2,2,2) | @ :: e, N [
g o input, measured R s
i—QO o input, IR filter (1,1,1,1) [-:-c - - »'-';(’ i
o input, lIR filter (2,2,2,2) | : : : S
135l oc1 input, lIR filter (3,3,3,3) SRS VL S50
10  rad/s 10

Fig. 11 Two frequency responses for the dual-input CFD simulation.

This confirms that the response of the shock position is dynam-
ically linear at the mean conditions being considered. If the am-
plitude of the blade speed fluctuations was significantly increased,
or if a lower mean blade speed/blade pitch angle was considered
so that the emergence/disappearance regime of the shock was ap-
proached, the shock position response would no longer be ex-
pected to be dynamically linear. However, the main noise generating
regime is likely to involve large shock strengths and a well-formed
shock, meaning that the more complex dynamics expected at shock
emergence/disappearance are unlikely to be as relevant to noise
prediction.

System Identification for Two Inputs
In the two-dimensional CFD code, the blade speed and blade pitch
angles can be varied simultaneously. The possibility of obtaining the

transfer functions from blade speed and blade pitch angle to shock
position in a single calculation is now considered. For a linear sys-
tem, the output resulting from more than one input is equal to the
sum of the outputs seen when each of the inputs is applied individ-
ually. This means that if the shock position response is dynamically
linear, the transfer functions predicted when the two inputs vary si-
multaneously should be the same as those obtained for the separate
single-input cases.

The CFD system in which both the blade speed and blade pitch
angles vary simultaneously is a dual-input system. Both input signals
can be formed using the sum of sines approach as in the single-input
case, but to ensure that the inputs are independent the frequencies
contained in each signal should be different while extending over
the same passband.!” The input signals for the simultaneous blade
speed and blade pitch angle inputs were

Ky
() =0+ Z sin(a)klt + 27T¢k1) (162)
k=1
K>
a) =@+ )y sin(wy + 27y, (16b)
ky=1

where 1 =262.2ms™', 1 =0.6 ms™!, @ =3.66 deg, @ =0.08 deg,
Wk, =4+4(k1 — 1), Wk, =6+4(k2 — 1), K] = Kz = 170, and ¢k1
and ¢, are again random phases chosen from the range (0, 1). The
frequencies contained in the blade speed and blade pitch angle inputs
therefore interleave one another over the same passband.

The system identification model structure was again based on that
of an IIR filter. Because of the presence of two inputs, its form is
most easily expressed in terms of the z transform of the IIR filter.
If v(2), @(z), and e(z) are the z transforms of v'(¢), &/(t), and e(¢),
respectively, this gives

1 — I —
Zi::Oailz " Zif:()aizz "
7 —v(z) + 7 —(2)
I_Z.il=|bjlz ! 1_Zj2=1b.fzz 2
K —k
Zk:ockz

1= diz

The order of this filter is strictly (I, I, K, Ji, J2, L), although
the order (I, I», Ji, J) is sufficient to describe the transfer func-
tions from inputs to output.

The frequency responses obtained are shown in Fig. 11. It can be
seen that the predicted frequency responses are the same shape as
those predicted in the single-input cases. The order (1, 1, 1, 1) filter
is seen to give a good approximation to the measured responses,
particularly at the lower frequencies. The continuous time transfer
functions that this filter corresponds to over the frequency range of
interest are

is(z) =

e(z) a7

is(w) 177 0.826
v(w) iw+215 0.00466iw + 1
is(w 298 3.32
Hy(w) = ) (19)

a(@) iw+90  0.0l1liw+1

These are in close agreement with the transfer functions obtained
from the single-input calculations in Eqs. (14) and (15). This further
confirms that the response of the shock position is dynamically
linear.

Low-Order Models for the Acoustic Source Integrals

Having obtained an understanding of the two-dimensional dy-
namics of the shock wave, the same CFD/system identification ap-
proach was now applied to the control surface acoustic sources.

The acoustic sources can be defined through the differential form
of the FW-H equation with the quadrupole term neglected. In this
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form, the source descriptions do not depend on observer location,
2.7 0 0
0P, 1) = == (Lid(HIVa fD) + - (poUnd (HDIV f1) - (20)

where L; = pijn; + pu; (u, — v,) and U, = (1 — p/po)v, + p/ pott,.

The acoustic sources are the vector L; and the vector component
poU,, both considered at points that lie on the control surface.

From the following integral form of the FW-H equation, it is
clear that if the time variations of L; and poU, at each point on the
control surface can be predicted using low-order models, it will be
possible to calculate the observer sound without requiring full CFD
input data,

"(x, 1) i LiA ds@m)
X, = —— —_—
p ox: Jo [ dmrni—m1 | M

el Lo UnA
T ), |:4nr|1 - M,|L asen @D

In general, sound prediction will require low-order models for
the acoustic sources at all control surface grid points in three-
dimensional space. To demonstrate the principles of low-order mod-
eling and obtain an insight into the dynamics of the acoustic sources
while avoiding this quantity of information, two-dimensional flow
has again been considered. The section of the control surface
can then be taken as constant, and only the variation of acoustic
sources along the contour of the section need be considered. In two-
dimensional problems, the acoustic sources of interest are pyU,,, L,
and L,.

If the section of the control surface is acoustically compact, re-
tarded time variations across it are small and the acoustic sources
combine in Eq. (21) as straightforward contour integrals multi-
plied by their associated length. Thus, under the conditions of two-
dimensional flow and a compact surface section, low-order models
to describe the dynamics of the following integrals,

/ poU, dS, / L.ds, / L,ds (22)
S N S

where § is a unit length of control surface, provide sufficient in-
formation for noise prediction. The surface section will be compact
if the M, term is sufficiently small and therefore depends on the
observer location as well as the section motion.

Methodology

The responses of the acoustic source integrals to variations in
both blade speed and blade pitch angle were considered. System
identification was first carried out with each of these inputs in turn
held constant while the other varied with the same form as for the
single-input shock response simulations, given in Egs. (9) and (10).

The system outputs were the three acoustic source contour inte-
grals, givenin Eq. (22). The section of the integration control surface
is shown in Fig. 12. The lower portion of the control surface follows
the blade surface, whereas the upper portion comes away from the
blade surface to enclose the largest extent of the shock and transonic
flow region.

For each of the outputs, the sampled CFD data were used to fit the
coefficients of the ARMAX model structure given by the following
equation, where I'(¢) is the fluctuation of a source integral and f”(¢)
is the fluctuation of an input,

1 J

L
I =Y af@=iT)+y bil't=jT)+y  die(t—IT) (23)
=0

i=0 j=1

System identification was also carried out for the blade speed
and blade pitch angle varying simultaneously, as a check that the
response of the acoustic source integrals was dynamically linear.

0.9r
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Fig. 12 Section of control surface.

The variations in the two input parameters had the same form as
for the dual-input shock dynamics system identification, given in
Eq. (16).

The sampled data were used to fit the coefficients of the following
model filter structure, involving input and output fluctuations and
expressed in terms of its z transform:

I i I —i
fh—0dnZ " D@2
1) = (e + —a(z)
I_Zj]:lbjlz / I_ijzlbfzz 2
Zf—ocszk
+ =20 T () (24)
1=y dz!
1=1%
Results

The measured and fitted frequency responses for the single-input
simulations are shown for the three integrals in Fig. 13. The re-
sponses for f ¢ Ly dS resemble those for shock position; fall offs
in both gain and phase occur at similar frequencies, although the
fall offs are more rapid than for the shock position. The responses
of f s L,dS and f s poU, dS both resemble high-pass rather than
low-pass filters, and as such are quite different to the shock position
responses. The shapes of the responses to the blade pitch angle input
are similar to those for the blade speed input for all three integrals,
although the magnitudes and the changeover frequencies differ.

Whereas an IIR filter of order (1, 1) described the shock position
response to blade speed with sufficient accuracy, higher-order filters
are required for the integrals of the acoustic sources. Increasing the
filter order generally improves the accuracy of the prediction, but
also increases the likelihood of unstable poles. For all three integrals,
filters of order (2, 2) were felt to offer a good compromise.

The measured and fitted frequency responses for the dual-input
simulation are shown for the three integrals in Fig. 14. Filters of order
(2,2,2,2) were found to describe the responses with reasonable
accuracy; for clarity only this filter order is included for Fig. 14.
The form of the frequency responses are seen to be the same as
those for the single-input simulations in Fig. 13. This confirmed
that the behavior of the acoustic sources was dynamically linear.

Noise Prediction

The filters in their discrete form are essentially difference equa-
tions and as such are straightforward to implement numerically.
Complete information on how the blade speed varies allows the
temporal variation of the acoustic source integrals to be predicted
via a recursive calculation.

The integrals of the acoustic source integrals can be used for
sound prediction if the flow is two dimensional and the surface sec-
tion sufficiently compact. Such a case was considered, involving
an infinitely long blade of constant cross section. The blade pitch
angle was held constant at 3.66 deg and the blade speed varied si-
nusoidally as v(z) =262.2 + 15.6 cos(1007). The sound originating
from the central 1-m length was considered at an observer whose
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Fig. 13 Transfer functions from blade speed and blade pitch angle to acoustic source integrals for single-input system identification.

position was fixed in the frame of the blade. The observer location
was chosen so that the maximum value of M, at any point on the
permeable control surface was 0.6, which was sufficiently low to
justify the assumption of compactness.

The time variation of the total sound at the observer location
was then calculated using the permeable surface form of the FW-H
equation in three different ways: 1) by calculating the retarded time
at each point on the control surface and using full CFD data, 2) by
assuming constant retarded time across the section of the control
surface and using full CFD data, and 3) by assuming constant re-
tarded time across the surface section and using low-order models
for the acoustic source integrals instead of CFD data.

The agreement between the first two is a measure of the surface
section compactness; the agreement between the latter two is a mea-
sure of how well the low-order models are performing. The results
in Fig. 15 show that all three are in close agreement, confirming
that low-order models are able to replace the need for a full CFD
simulation in noise prediction. The variation of the acoustic source
integrals throughout the cycle compared to that predicted by the
low-order models is also shown. This level of accuracy is achieved
with filters of order just (2, 2); by increasing the filter orders, the
accuracy could be improved still further.

The preceding section has demonstrated that low-order models
can be used to replace the need for a full CFD simulation in two-

dimensional noise predictions. The methodology would be much
the same for three-dimensional flow, the main difference being that
models for the acoustic sources pyU,, Ly, Ly, and L, would need
to be derived for those points on the control surface that contributed
significantly to the integrals.

Understanding the Low-Order Models

To gain an insight into how the dynamics of the acoustic source
integrals are related to the dynamics of the shock position, the flow
conservation equations were considered under the constraint that
the blade pitch angle was fixed and only the blade speed could vary.
These allowed the integrals of the acoustic sources to be related to
the flow variables in the volume enclosed between the blade surface
and the permeable control surface.

It was then assumed that the flow variables in the volume enclosed
between the blade surface and permeable control surface were uni-
form either side of the shock, but underwent a step change across it.
Because this is equivalent to assuming that the only unsteadiness of
the flow variables within the enclosed volume is due to the motion
of the shock, the agreement of the resulting predictions with the
earlier obtained transfer functions provides a measure of the extent
to which the dynamics of the acoustic source integrals are caused
by the shock motion.
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Fig. 14 Transfer functions from blade speed and blade pitch angle to
acoustic source integrals for dual-input system identification.

The system considered is shown diagrammatically in Fig. 16. The
permeable control surface over which the acoustic source integrals
are considered is denoted by S, and the blade surface is denoted
by S,. The permeable control surface is coincident with the lower
blade surface, but comes away from the upper blade surface to en-
close closely the largest extent of the transonic flow region. The
volume between the blade surface and control surface then con-
tains a supersonic flow pocket, a shock wave, and a subsequent
region of subsonic flow; the volumes of the supersonic and sub-
sonic regions vary with shock position. Both surfaces move with
velocity v.

Denoting generalized variables by an overbar, and in the first
instance defining them to have the values of the real flow variables
outside of the permeable control surface S; and to be zero within it,
the continuity equation valid over all space is
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Fig. 15 Comparison of the observer sound and cyclic behavior of the
acoustic source integrals as predicted by the CFD calculations and the
low-order models.

Equation (25) is for a stationary reference frame. Because it is
more physically intuitive to consider time derivatives in a frame that
moves with the surfaces, the standard time derivatives are replaced
by convective derivatives, D, /Dt,

05 _ D 0P

= i 26
ot Dr Uox (26)
Substituting in and then integrating over all space gives
D,p’
/ (Pottn + P/ (1, — v,)) dS = f =2 av
s v. Dt
1 oo
o’ d(pu;
ff v,-—pdv+/ P 4y @7
Voo Hx,- Voo Bx,-

If attention is restricted to cases in which the blade pitch angle is
constant and only the blade speed varies, the surface velocity v is
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Fig. 16 Surfaces and volumes used in modeling.

independent of spatial coordinate. The v; in the second term on the
right-hand side can be taken inside the derivative, and the last two
volume integrals can be replaced by surface integrals using Gauss’s
theorem. Because there will be no flowfield fluctuations an infinite
distance from the surfaces, these are zero and Eq. (27) becomes

D,p’
f pottn + p' (U — v,) dS = / Pav @8
5 Ve Dt

Writing the generalized density as p’ = p’ H(f), it follows that
the convective derivative can be expressed as
D,p’ D,po’

D, H(f) D,p’
H(f)— ————~ = H(f)—
Dr o)) o TP o)) D1
Substituting into Eq. (28) and denoting the volume outside of the
control surface S; by Vps; gives

D,p’ D, o’
/ Polty + p' Wy — v,) dS = / H(f)_p dv = / P v
Dz Vosi Dt

s Vo

(29)

The same procedure can then be performed with generalized vari-

ables defined with respect to the blade surface S, rather than the

control surface ;. Using the fact that u, = v, on S, and denoting
the volume outside of S, by Vi, gives

D,p’
/ povy dS = / v (30)
s v Dt
2 082

Both sides of this integral must be zero because py and v do not
vary. Combining Egs. (29) and (30) gives

/ Dvp,
potty + 0" (U, —v,)dS = — —dv (3D
s vy Dt
1 os2— Vosi

The left-hand side of this equation is the integral over the per-
meable control surface /,(t) = f 5 poU, dS, whereas Vpg — Vosi
is the volume enclosed between the blade and the control surface.
This equation, therefore, relates the acoustic source integral to flow
quantities in the enclosed volume. It is exact for a fixed blade pitch
angle; no modeling approximations have yet been made.

It is now assumed that, in the region between the blade and con-
trol surfaces, the density is uniform either side of the shock and
undergoes a step change across it, as shown diagrammatically in
Fig. 17.

When the step change is expressed mathematically, the expres-
sions for the density and its convective derivative become

p=p1l —Hx —x,(t) + poHx — x,(t) (32)
DD“[p = D};’;l 1 — Hx — x,() + Dlgfz Hx — x,(1)

+ (02 —Pl)DivHxD: *(0)

= DI;;OI 1— Hx —x,(t) + D];,toz Hx

Dl)x.i‘
—Xs(1) = (o2 = pr) 5= 8x — xs (1) (33)

D

surface S ’

> x X (t)

2b
Fig. 17 Modeling the spatial density variation.

Substituting into Eq. (31) (because D, p’ /Dt =D, p/Dt) gives

D, o D, 02
"y —v)dS =— | —=——dV — [ —=—=dV
/;poun+P(“; U,,) / Dt \/‘;2 Dt

1 Vi
D,x;
+ / (P2 — p1) ——dx — x;(1)dV (34)
Voo — Voo Dt
0s2 = Vosi

The first two integrals become volume multiplications because
their integrands do not vary spatially. The third integral can be re-
duced to an area integral by integration over the delta function, and
if it is then assumed that the shock area per unit length, A, does
not vary significantly throughout the shock motion, this becomes an
area multiplication,

D D
vP1 V] _ v P2 V2
Dt Dt

/ Polty + P,(Mn - vn)dS = -

N
D,x;

— p) =2 Ay 35

+ (02 — p1) Dy A (35)

By representing the shock position as the sum of a mean and fluc-
tuating part, x, =X, + x_, it is seen that for the shock area per unit
length to be approximately constant, the fluctuating part of the shock
position must be sufficiently small. This is consistent with the system
identification assumption of dynamic linearity. Under this assump-
tion, the volumes V, and V, can be expressed as V, = V; 4 Ag,x; and
Vo =V, — Agx/, and by considering the fluctuating part of Eq. (35),
an equation relating the fluctuating component of the integral, 7] (¢),
to the fluctuating part of the shock position x| is obtained.

’

DUIOZ _ Dvpl SA N (36)

Dt Dt

D,x
3

L) = Ashx§< )

)+(p2—/>1)

Because the mean values of the density derivatives are zero, lin-
earizing gives

1) = (B — o 255 4 37)
1) = (02— p1 D O

Taking Laplace transforms and setting s = i w finally leads to the
transfer function,

Ii(@)/xs(w) = An(p2 — p)iw (33
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Fig. 18 Comparison of the frequency responses predicted by the mod-
eling to the measured ones.

It is apparent that the dynamics of the acoustic source integral
depend on the derivative of the shock position fluctuation (the shock
speed).

To derive similar approximate relations for 7, (t) = f 5, L, dS and
L(t)= f s L, dS, the momentum equation, valid for all space, is
considered with generalized variables defined with respect to the
control surface and the blade surface in turn. It is assumed that the
shock height is approximately constant, that the variables pu, and
puy are uniform within the volumes V; and V, and undergo a step
change across the shock, and that the blade upper surface pressure
Py and its component in the x direction, p,n,, are uniform either
side of the shock and undergo a step change across it. The resulting
equations are linearized to yield the following transfer functions:

bL(w)
X5 ()

= Aa (((m» — (@) i — PP =P ””")ZA_h(” ””*”) (39)
I(w)

X5 (w)

= Ash(((pTV)z — (piy)iw — W) (40)
sh

The dynamics of these acoustic source integrals depend on both
the shock position and velocity, and as such their frequency re-
sponses will involve an extra changeover frequency compared to
the shock position dynamics.

To obtain an idea of the validity of the modeling, a test case was
considered in which the blade speed varied with a sum of sines form
about a mean of 262.2 ms™~! for a fixed pitch angle of 3.66 deg. From
the CFD simulation, the average values of the discontinuities across
the shock were seen to be

Ag = 0.85m, P2 — p1 = 0.44 kgm™3

(Pitx)2 — (put)1 = —130 kgm > s~

(pity), — (pity); = —24 kgm > s~

P2 — Pp1 = 5.5 X 10* Pa, (Pp1y)2 — (ppny)1 = 6500 Pa

Substituting these values into Eqgs. (38—40) and combining with
the transfer function from blade speed fluctuation to shock position
(node) fluctuation in Eq. (7) (where i; = x,/138), the following ap-
proximate transfer functions from blade speed fluctuation to acoustic
source integral fluctuations are obtained.

L(w) 047w

v(w)  iw+ 209 @1
L) _ 139(—1@ —59) “2)
v(w) iw+ 209
L(w)  26(—iw —2696) 3

viw)  iw+209

The frequency responses of these approximate transfer functions
are compared to the actual responses in Fig. 18. The agreement
is reasonably good; the general shapes of both the magnitude and
phase variations with frequency are captured well, although there
are slight differences in the exact levels.

This agreement confirms that the dynamics of the acoustic source
integrals are caused primarily by the unsteadiness of the shock,
as expected from previous work suggesting that significant noise
originates at the shock surfaces at transonic speeds.

Conclusions

The permeable surface form of the FW-H equation provides an
efficient basis for noise prediction at transonic speeds and requires
knowledge of the temporal variation of fictitious acoustic sources on
the permeable control surface. In response to the fact that performing
full unsteady CFD calculations for maneuvering helicopters will be
too time consuming for use in design, the potential for using low-
order modeling as an efficient alternative has been considered.

Because it is known for transonic flows that much of the noise
originates at the shock surfaces, the dynamics of the shock position
was first considered to provide an insight. Two-dimensional CFD
simulations were performed in which the blade speed and blade
pitch angle variations were varied harmonically. The response of
the shock position was seen to exhibit a frequency-dependent phase
lag or time delay with respect to the blade speed and pitch angle
variations.

System identification was then used to obtain low-order models
for the response of the shock position. The model structures were
based on IIR filters, and the input blade speed/blade pitch angle vari-
ations were chosen to contain a wide range of frequencies without
suffering from noise or nonlinearity limitations. Low-order models
describing the transfer functions from blade speed/blade pitch angle
variations to shock position variation were obtained; both were seen
to have the approximate form of first-order lags and were consistent
with the phase lags observed for harmonic forcing.

To avoid the complexity of considering the acoustic sources at
all points on the control surface, two-dimensional flow in which
the section of the control surface was acoustically compact was
considered. In such flow, the integrals of the acoustic sources over
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the control surface contour provide sufficient information for sound
prediction. The same system identification techniques were used to
obtain low-order models for the transfer functions from the blade
speed/blade pitch angle variations to the variations in the acoustic
source integrals. These models were successfully used in noise pre-
diction. An analytical consideration of the acoustic source integrals
strongly suggested that their main unsteadiness was caused by the
dynamics of the shock.

Thus, the potential for using low-order modeling for the acoustic
sources has been demonstrated in two dimensions. The techniques
are extendable to three-dimensional problems, although the compu-
tational times involves in obtaining models for the acoustic sources
would be significantly increased.
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